Based on the quantization of one-photon electromagnetic field described in terms of the Riemann-Silberstein complex vector F, we construct the eigenvector set of F, this set is orthonormal and complete, with which we introduce the phase operator for one-photon state. It is shown that this phase operator manifestly exhibits phase behaviour.
Introduction
In recent years, single photon state has attracted much attention of physicist because they exhibit high powerlaw falloff of the energy density and of the photon detection rates [1] [2] [3] . The spatial localization properties of one photon states and the decay in time has been analyzed in reference [3] . In the present letter we approach to the quantum phase problem for one photon states which are related to Riemann-Silberstein [4] complex vector.
Historically, Dirac [5] first attempted a definition of a phase operator by means of an operator amplitude and a phase decomposition. Later Susskind and Glogower [6] introduced their phase operators as
where N = a + a.
Due to EE + = 1, E + E = 1 − |0 >< 0|, the vacuum state projector |0 >< 0| "spoils" the unitarity of E. Since then, the question that what is the meaning of the phase of an electromagnetic field at the quantum level has been an issue which seems very difficult to answer [7] . In this work we show how to write down a quantum mechanical phase operator corresponding to one photon state by establishing a new representation for the RiemannSilberstein complex field,we shall show that in this new representation the phase operator for one photon state can manifestly exhibit its phase behaviour.
The new eigenvector of the Riemann-Silberstein complex vector
As shown in [4] , the most general one-photon (1ph) state can be described by two complex functions of the wave vector
where f ± are two components of the photon wave function in momentum representation which is normalized to one.
and a + (k), b + (k) are the creation operators of photons with the left-handed and right-handed polarization, satisfying
The photon states are conveniently described in terms of the Riemann-Silberstein complex vector F (RS vector) composed of electric displacement and the magnetic induction vectors
The square roots of ǫ and µ are needed to match the dimensions of the two terms and an additional factor of √ 2 is introduced to make the modulus of F equal simply to the energy density
After quantizing the electromagnetic field, the RS vector becomes the field operatorF(r, 0) (we consider t = 0 case in Schrödinger picture)
where e(k) is an unit polarization vector, and
here f k = e ik·r .
We now introduce the eigenvectors of F (k, r) :
where ξ = ξ 1 + iξ 2 is a complex number and the vacuum state |00 > k is annihilated by both a(k) and b(k). We prove here that it is an eigenstate of the operator F (k, r) by acting a(k)
It then follows
On the other hand, by acting b(k) on |ξ > k , we have
which yields
Thus |ξ > k is the common eigenvector of F and F + , which agree with the commutator
Using the technique of integration within an ordered product (IWOP) of operators [8, 9] and |00 > k . k < 00| =:
, (where : : denotes normal ordering,)
we can perform the following integration (In the following for brevity we write a(k) as a, f k as f and so on.)
This indicates that |ξ > k make up a completeness relation. Further, by examining Eqs.
(11)-(13) we see
3. The Phase operator for the one-photon states
We now introduce the phase operator for one-photon state as
This definition is feasible, as [af + b + f * , a + f * + bf ] = 0 and they can reside within the same square root without ambiguity. Physically, since a + (k), b + (k) are creation operators of left-handed and right-handed polarization respectively, af + b + f * a + f * + bf represents the relative ratio of the two polarizations. This phase behaviour can be seen more clearly in our |ξ > k bases. By using Eqs. (16) and (11) (13), we have
where ξ = |ξ|e iθ . Writing d 2 ξ = |ξ|d|ξ|dθ, we can express the expectation value of e iΘ in a normalized state |ψ > as
According to one of the postulates of the quantum mechanics [10] : "When the physical quantity A, to which orthonormalized eigenvectors |u n > associated with the eigenvalue ω n correspond the expectation value of A in |ψ > is given by < ψ|A|ψ >= Σ n |C n | 2 ω n , where
is the probability. " We have reason to name P (θ) in Eq. (19) the phase probability distribution function since e iθ is the eigenvalue of e iΘ .
Moreover, by introducing the number difference between left-handed and right-handed
Note that e iΘ is unitary. We can conclude:
These commutative relation is similar to those obeyed by Susskind-Glogo-Wer phase operators, i.e.,
which again shows that e iΘ behaves like a phase operator. We can also define the Hermitian operator of the phase angle asΘ In summary, for quantized one-photon field described by the Riemann-Silberstein complex vector, we construct its orthonormal and complete eigenvector set. Based on this, the phase operator, which reflects the relative ratio between left-handed and right-handed polarization, is established. As a byproduct, the phase distribution function in the correct sense of probability in quantum mechanics, can be defined in the k < ξ| representation.
